Abstract: We show that the equality of 2d N =(2,2) supersymmetric indices in Seibergtype duality leads to a new integrable Ising-type model. The emergence of the new model is the result of correspondence between the supersymmetric SU (2) quiver gauge theories and the Yang-Baxter equation. Using this correspondence, we solve the star-triangle relation and obtain the two-dimensional exactly solvable spin model. The model corresponding to our solution possesses continuous spin variables on the circle and the Boltzmann weights are demonstrated in terms of the Jacobi theta function. Using the solution of the star-triangle relation, we also construct interaction-round-a-face and vertex models.
Introduction
In the past few years, some remarkable connections between supersymmetric gauge theories and integrable statistical models have been observed [1] [2] [3] [4] [5] [6] [7] [8] . One of these connections represents the correspondence between the quiver gauge theories and the integrable lattice models, where supersymmetric duality on the gauge theory side can be interpreted as the integrability on the lattice side [1, 3, [9] [10] [11] [12] [13] [14] [15] .
The correspondence between the supersymmetric gauge theories and the Yang-Baxter equation, known as the gauge/YBE correspondence, has shed light on exactly solvable models [13] . Exactly solvable models play a major role in the investigation of critical phenomena in statistical mechanics [16] , where the YBE as a highly over-constrained equation is the key structural element leading to the exact solvability. According to this correspondence, partition functions or supersymmetric indices of supersymmetric gauge theories are identified with the partition functions of two-dimensional exactly solvable models in statistical mechanics. In other words, quiver diagrams from the gauge theory point of view appear as the lattice on which the spin models are represented [13] . The manifestation of this correspondence, can also be understood in another way through topological quantum field theory [3] . All recent models which have been discovered using this correspondence, are listed in [17] . In this paper, we present a new integrable Ising-type model via the identification of the 2d N =(2,2) supersymmetric indices of the Seiberg-type duality with the star-triangle relation. The Seiberg-type duality corresponding to the new model is between the SU (2) gauge theory with 6 flavors, and its dual theory with 15 mesons. The star-triangle relation as the simplest form of the YBE reads dσS(σ)W η−α (σ i , σ)W η−β (σ j , σ)W η−γ (σ, σ k ) = (1.1)
where W's are the Boltzmann weights, S stands for the self-interactions and R is called the R-factor of the two-dimensional integrable model [18, 19] .
There are three types of the YBE in the context of statistical mechanics, the startriangle relation, the interaction-round-a-face (IRF) and the vertex types. In this letter, we present solutions to all three types. However, our main focus is on the star-triangle solution, since the other types of the YBE can be obtained from it, and the solution to the star-triangle relation is a sufficient condition to get an integrable Ising-type model. Isingtype models are distinguished according to their spin variables and the types of Boltzmann weights. Boltzmann weights determine the interactions between the spins, where the spins are spaced in the edges of two-dimensional square lattice.
The new solution to the star-triangle relation 1 in terms of the Jacobi theta function involves continuous spin variables, varying in the range 0 ≤ σ < 2π, and is as follows
where the Jacobi theta function is defined as
and q-Pochhammer is
According to the gauge/YBE correspondence, the interpretation of the star-triangle relation elements (1.1), in terms of supersymmetric theories are as follows. S(σ) refers to the contribution of the vector multiplets, W α (σ i , σ j ) refers to the contribution of the chiral multiplets, σ is fugacity of the gauge group. Spectral parameters α, β, γ are related to the R-charges and σ i,j,k are fugacities of the flavor group [2, 20] .
To elaborate on the introduction, we firstly go through the gauge theory discussions and then look for the statistical mechanical resemblance with the first part, and in the end present the new solutions which we achieve using the gauge/YBE correspondence. Therefore, the rest of the paper is organized as follows. In Section 2, supersymmetric indices and Seiberg-type duality are briefly reviewed. In Section 3, integrability and the star-triangle relation are studied. In Section 4, the new Ising-type model and its high temperature limit is presented, afterwards the IRF and the vertex type models and the properties of the Boltzmann weights are demonstrated. The structure of the paper ends with Section 5, which contains possible future directions. In Appendix A, some useful properties of the Jacobi theta function are given. In Appendix B, we present a proof for the 2d Seiberg-type duality. In Appendix C, the detailed calculation of IRF model is presented.
2d N =(2,2) Dualities
The identification of supersymmetric indices in Seiberg-type duality with the star-triangle form of the YBE leads to a new Ising-type model. In this section, we discuss the supersymmetric index technique which is considered as the most convenient way to check the existence of Seiberg-type dualities [21] . The first part is devoted to introduce the supersymmetric indices of 2d N =(2,2) theories, and in the second part, we summarize the main ideas behind Seiberg-type duality.
2d Supersymmetric Index
The 2d supersymmetric index is a generalization of the Witten index, defined on S 1 × S 1 , and it is a non-trivial function of flavor and supersymmetric fugacities [22] [23] [24] [25] . The Witten index is an effective tool to check whether the supersymmetry is spontaneously broken or not [26] , and it represents the difference between the number of bosonic and fermionic ground states. For simplicity, let us start with the index of 1d supersymmetric quantum mechanics
where Q, Q † are the supercharges with the Hamiltonian, H = {Q, Q † }. (−1) F is the fermionic number operator. The trace is taken over all states which survive with the cancellation of bosonic and fermionic states, so the trace localizes to the part with Hamiltonian H = 0, subset of the Hilbert space H. Now, let us define the supersymmetric index of the 2d N = (2, 2) gauge theories as
where J r (J l ) and H r (H l ) are the right(left)-moving R symmetry and right(left)-moving conformal dimension, respectively. In this case Q ± l,r are the generators of the supersymmetric algebra. F j are the generators of global symmetries which commute with Q ± l,r , and a j are the corresponding fugacities. Likewise the Witten index (2.1), the trace localizes to the (2H r + J r = 0), subset of the Hilbert space H. The structure of the 2d N = (2, 2) supersymmetric index has composed of gauge vector and chiral matter multiplets 2 , and has the following form
where the prefactor |W | is the order of the Weyl group of gauge group G.
The contribution of the chiral multiplet with vector-like R-charge r, which transforms in a representation R of the gauge and flavor group G is
where the product is over the weights ρ of the representation R. a ρ := e 2πiρ(u) , where u is the element of Cartan subalgebra of the flavour group. The contribution from the vector multiplet with gauge group G reads
where a α := e 2πiα(z) , and the product is over the roots α of the gauge group G 3 .
Seiberg-type Duality
Seiberg-type duality plays the main role in the discussion of gauge theory side in gauge/YBE correspondence. Therefore, here we summarize some of its main features. According to the original Seiberg duality, 4d N = 1 supersymmetric gauge theories with different ultraviolet behavior flow to the same infrared fixed point, where the dual theories in the low energy describe the same physics. The UV dual theories are, an electric theory with an SU (N c ) gauge group and N f flavors, and a magnetic theory with an SU (N f − N c ) gauge group with N f flavors and an additional gauge invariant massless field. There are 2 Though, there are also non-zero contributions from the Chern-Simons and the Fayet-Iliopoulos classical action, we ignore them. The reason is that, the Seiberg-type dual theories in the context of gauge/YBE correspondence are without these contributions. 3 Here, we define the index in the NSNS sector [25] , it can also be defined in the RR sector as in [24, 27] .
several features of this duality. For instance, the quarks and gluons of one theory corresponds to the solitons of the elementary fields of the other one. The weak coupling region of the electric side can be interpreted as the strong coupling region of the magnetic side, etc. The simplest prediction of the duality is that the moduli spaces of supersymmetric vacua of the dual theories are the same [28] [29] [30] .
There are many generalizations of this duality in the literature with complicated matter contents, different gauge and flavor groups in various dimensions. One generalization applies to quiver gauge theories in which the flavor symmetries are also gauged [31] . Supersymmetric indices in so-called Seiberg-type dualities can provide non-trivial integral identities which can be used as a mathematical tool to check the duality of non-abelian gauge theories as in [32] [33] [34] [35] [36] [37] [38] [39] . The Seiberg-type duality that we consider in this paper which corresponds to the star-triangle relation also has two sides, the electric-like and the magnetic-like sides. The electric theory part has gauge group SU (2), with 6 flavors (or alternatively, 3 fundamental and 3 anti-fundamental flavors). In the magnetic theory part, there is no gauge symmetry and there are 15 chiral multiplets (mesons) which transform under totally antisymmetric tensor representation of the flavor group. It can be seen that the chiral multiplets transform under fundamental representations of the gauge and flavor group, and the vector multiplets transform in the adjoint representation of the gauge group.
For the purpose of this letter, a version in which its matter contents are essentially the same as the one in 4d N =1 Seiberg duality is considered. The Seiberg-type duality of 2d N =(2,2) supersymmetric theory that we consider here, is a gauged linear sigma model, and its Lagrangian can be obtained from the dimensional reduction of 4d N = 1 theory, as discussed in [40] . It can be shown that the invariance of supersymmetric indices in the dual theories are equivalent to the integrability of the spin models, e.g. [13] . This equality leads to the construction of the integrable systems.
Integrability
In this section, the lattice spin model is described and its partition function with continuous spin variables is given. The star-triangle relation in terms of rapidity variables and spectral parameters are presented, and some properties of the Boltzman weights for the new integrable model are represented.
Lattice Spin Model
In the statistical mechanics, an Ising-type model represents a model of interacting spins. A sketch of a simple square lattice spin model is depicted in Fig 1. As we can see in this figure, the spins are located at the vertices of a two-dimensional lattice, and contains N sites with the spin states located on each site. The interaction between two adjacent spins σ i and σ j is described by the Boltzmann weight, W pq (σ i , σ j ). The parameters p i and q j are rapidities and demonstrated as dashed lines. The spins interact with their neighbours and their connections are shown by straight lines, they also interact with themselves which we call self-interactions, S(σ r ). Depending on the arrangement of the rapidity lines with respect to the edges, Boltzmann weights are either W pq (σ i , σ j ) or W pq (σ k , σ l ). Note that for physical In the square lattice models which we consider in this paper, the spins take values, ranging, 0 ≤ σ < 2π.
The partition function of the spin lattice model is defined as the product of all Boltzmann weights and the self-interactions terms
where the integration is over all spin variables. Note that, for the models in which spins get discrete or discrete-continuous values, the integration has to be replaced by summation as in [41] or sum-integral as in [9] , respectively.
The Star-Triangle Relation
The star-triangle relation is the distinguished form of the Yang-Baxter equation. The solution to it suffices to ensure the integrabilty of a system. The solutions to the star-triangle relation representing integrable spin models with discrete spin variables are presented in [41] [42] [43] [44] . The solutions with continuous spin variables can be found in [45] [46] [47] [48] [49] . The form of the star-triangle relation is given by
A graphical form of (3.2) is given in Fig 3. The star-triangle relation for the models with non-symmetric Boltzmann weights is given as
where the factor R(p, q, r) is independent of the spins 4 . For our new model the two forms of the star-triangle relation are the same. Considering the fact that in most of the spin models, the Boltzmann weights depend on the difference between rapidity parameters, we set the two types of Boltzmann weights
with the spectral parameters, which is defined e.g. as α := p − q.
As we mentioned before, our Boltzmann weights are symmetric, namely
and we also have
Hence, the star-triangle relation reads
where η = α + β + γ is the relation between spectral parameters. Considering the new Boltzmann weights, the partition function becomes
Note that, it is possible to evaluate the partition function in thermodynamic limit, in which the number of lattice sites goes to infinity and the bulk free energy vanishes
If the partition function can be evaluated without any approximation in the thermodynamic limit, it is an exactly solvable model. The star-triangle relation suffices for the integrability of our system. We can evaluate the partition function exactly for those cases in which the Boltzmann weights satisfy the star-triangle relation.
Solutions to the Yang-Baxter Equation
The Yang-Baxter equation or as a special form, the star-triangle relation on the statistical mechanical side can be translated to the invariance of the supersymmetric indices on the gauge theory side under the Seiberg-type duality. In this section, we show how the identification of the two sides, results in the new solution of the star-triangle relation, and leads to a new integrable Ising-type system. We also present the high temperature limit of this model. Based on the star-triangle relation, we demonstrate the solutions to the IRF and the vertex type YBE.
Ising-type Model
The star-triangle relation of the two-dimensional spin model with continuous spin variables which we discussed in 3.2 reads
This is the special form of the YBE and plays the role of statistical side. In order to get an integrable Ising-type model using the gauge/YBE correspondence, we identify the supersymmetric indices in Seiberg-type duality with the star-triangle relation. The Seibergtype duality consists of two parts. The electric part, in which the theory has the gauge group SU (2) and the flavor SU (6). The chiral multiplets transform under fundamental representation of the gauge and flavor group. The vector multiplets transform in the adjoint representation of the gauge group, and the magnetic part, in which there is no gauge symmetry and there are 15 chiral multiplets, and they transform under totally antisymmetric tensor representation of the flavor group.
The supersymmetric indices which are computed from the vector and chiral multiplets are taken from [25] . Therefore, the identification of the 2d N =(2,2) supersymmetric indices of the Seiberg-type dual theories, and using formulas (2.4) and (2.5), leads to the equality
where θ is the Jacobi theta function (1.3), and (q; q) ∞ is q-Pochmmher (1.4). As for definition θ(az ± ; q) := θ(az; q)θ(az
and we also have ∆(a; q, y) := θ(ay; q) θ(a; q) .
The balancing condition is given by
In order to show the solution to the star-triangle relation, let us now set the flavor fugacities as follows a 1 = e −α+iσ i ; a 2 = e −α−iσ i ; a 3 = e −β+iσ j ; a 4 = e −β−iσ j (4.6)
Along with some properties of Jocobi theta function (Appendix A) which are useful to obtain the new solution, we take the main step and identify the star-triangle relation in (4.1) with the equality given in (4.2). Therefore, we obtain the Boltzmann weights, the self-interactions and the R-factors of the new integrable spin model as follows
θ(e ±2iσ ; q) θ(e −2η±2iσ ; q) , (4.8)
θ(e −2β−2γ ; q) θ(e −2α ; q)
θ(e −2β−2α ; q) θ(e −2γ ; q) .
These results correspond to a new Ising-type model. Note that, considering the same duality, there has been found other solutions to the star-triangle relation with continuous spin in [1] , and discrete-continuous spin variables in [9, 11] . It can be shown that the normalization conditions read
Using these normalization conditions, and the star-triangle relation (4.1), it can be shown that the weights satisfy the inversion relations
Note that, the star-triangle relation (3.2) can be expressed without R-factor R(p, q, r), if the Boltzmann weights in (4.7), are normalized by k(α) as follows 
The High Temperature Limit
In this part, we express the high temperature limit of our new model in terms of hyperbolic sine function, which we get it using the Seiberg-type duality (4.2). This limit corresponds to the reduction of 2d index to 1d or compactification of index on torus to the circle [12] . The detailed discussion of 1d index can be found in [51, 52] . To do so, let us consider the following redefinition of variables in (4.4), 15) and set
Hence, we have 17) then taking the β → 0 limit, it leads to
where we use the infinite product representation 19) and similarly we have
Therefore, the dimensional reduction of (4.2) becomes
where 22) and the balancing condition of the integral identity (4.21) reads
At this step, if we redefine the parameters in (4.21) as follows
we get a new solution to the star-triangle relation with continuous spin variables in terms of hyperbolic sine function. The new Boltzmann weights are
Interaction-Round-a-Face Model
In this part, we firstly describe the IRF model, and then present the solution we obtain, using the star-triangle relation in (4.1).
In the IRF system, the spins or spin states take integer values, which designated by variables {a, b, ...}. The four spins surrounding a site of the lattice interact via a face weight, There are several ways to get IRF models from Ising-type models. In our case, we use the star-triangle movements, i.e. we apply three times the star-triangle relation, and once the triangle-star relation. The detailed derivation is given in Appendix C. For our new model, the IRF type YBE with continuous spin values, gets the following form
where (t i , t j ) are the spectral parameters. A graphical representation of IRF type YBE is given in Fig 5 . 29) where W and S are given in (4.7) and (4.8), respectively. The multi-spin generalization of the IRF model which we construct from the star-triangle relation has been studied in [12] .
Vertex Model
The vertex type YBE presents a natural way to make sense of triple crossings. To have an integrable model defined on a Baxter lattice 5 , the vertex type YBE has to be satisfied. If we consider the tensor product of three infinite-dimensional spaces V 1 ⊗ V 2 ⊗ V 3 , then associate with each space V i the spectral variable u i , and the spin variable g i , respectively, the vertex type YBE gets 30) where R ij (u i , g i |u j , g j )is called R-operator, and acts in a non-trivial way in the subspace V i ⊗ V j with the unity operator acting in its complement. The R-operator depends on the difference of the spectral parameters
and we can write the vertex type YBE as follows
or equivalently
where we set u := u 1 −u 2 and v := u 1 −u 3 . In this case, each line is associated to a spectral parameter. The degrees of freedom live on the edges of the lattice, and the interactions take place at the vertices. A graphical form of vertex type YBE is given in Fig 6 .
Figure 6: Vertex type YBE
In order to express the vertex type YBE in terms of R-matrices, R ij , we set 34) where P ij is used to interchange the spaces, namely
Hence, the YBE in (4.32) gets the following form
Following the same procedure as in [11, 53] , we obtain the solution for the vertex type YBE. Therefore, R ij corresponding to our vertex model, gets the following forms
where D and M read The relations (4.38) and (4.39) are used to get the Bailey lemma. Note that, via the Bailey lemma we can obtain the vertex type YBE and the star-triangle relation as in [11, 53] .
Here, the two functions, α(x; t) and β(z; t) with complex variables z and x, make a Bailey pair with respect to the parameter t β(x; t) = M(t)α(z; t). which is actually the star-triangle relation in (4.2).
Future Directions
To widen the scope of our investigation, there are several directions to probe, such as
• It would be interesting to check the existence of phase transition for the new Isingtype model, proposed in this paper.
• The inversion relation in (4.11) can also be obtained by breaking the chiral symmetry as it is discussed in [54] .
• Taking the semi-classical limit of our model, we can obtain the two-point and onepoint Lagrangians similar to the models in [18, 55] .
• In order to understand the structure in the context of brane tiling [56] , it would be interesting to find L-operator and finite-dimensional R-matrices for this model as in [57] .
• It is compelling to find the relation between this model and knot invariant via the solution of the star-triangle relation [58] .
These directions seem to merit consideration, and we hope to explore them in the future.
A The Jacobi Theta Function
In this part, we present some useful properties of the Jacobi theta function following [59, 60] . The theta function in terms of the q-Pochhammer is
We can show that θ(zq; q) = − 1 z θ(z; q), (A 2) and as a general form, it can be shown
In addition, we have The following practical identities are used to prove the (4.1), and they are given by ∆(zq; q, y) = 1 y ∆(z; q, y); (A.6) ∆(z −1 ; q, y) = ∆ −1 ( zq y ; q, y) .
B Proof of the 2d Seiberg-type Duality
In this Appendix, a mathematical proof of the equality (4.2) is given. For more details see [59, 61] . Let us define I(a 1 , ..., a 6 ; q) := dz 2πiz By performing the same arguments in [61] , and the first property in (A.6), it can be seen that and therefore we have .
(B.8)
In order to evaluate (B.6), the following limit is considered where we use the and W's are Boltzmann weights in (4.7). Now, let us define the integration over six variables z 1 , ..., z 6 as follows
